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Networking game

Game=<Players, Strategies, Payoffs>

Players: Programs, Packages, Mobile Phones, Nodes of Networks,
etc.

Strategies: balancing, routing, level of signals, number of links, etc.
Payoffs: cost, delay, working time, profit, reward, etc.

Formal definition:

=< N= 1) 2) -y 1, {Xi}i€N7 {HI'(Xlu (X3 Xn)}iEN >

x = (x1, ..., xn) - profile of strategies.

Objective of player i € N H;(x, ..., x,) — max or min

Xi Xi



Nash Equilibrium and Strong Nash Equilibrium

We use notation x = (x;, x_;) for x = (x1, ..., X, ..., xn) and for
coalition S = {1, ..., i} (a subset of N) let x = (xs,x_g) for

X = (X1 covy Xy ooy Xifs -oes Xn)-
Definition 1. Profile x* = (x{, ..., x;t) is Nash equilibrium if for
any i € N

Hi(xi, x*;) < Hi(x*), Vx;.

Definition 2. Profile x* = (x{, ..., x) is Strong Nash equilibrium if

for any coalition S C N and any profile xs it exists a player i € S
for whom

H,'(Xs, Xis) S H,'(X*).



Cooperation and Competition

Denote H(x1,...,xn) = > jeny Hi(X1, ..., Xa). Profile xop: which
maximizes H(xi, ..., xn) we call the cooperative solution.
Definition 3. Nash equilibrium xyng is worst case Nash
equilibrium if for any NE x

H(XWNE) S H(X)

Definition 4. Let xy g is the worst case Nash equilibrium and
Xopt cooperative solution. Then the ratio

H(xwne)
H(xopt)
we call Price of Anarchy (Papadimitriou [1999]).

PoA =



Cooperation and Competition

By analogy for costs Ci(x, ..., xn), i € N denote Social Cost
C(xt, -y xn) = D jen Ci(x1, ...y Xp). Profile xop: which minimizes
C(x1, ..., xn) we call the cooperative solution.

Definition 5. Nash equilibrium xyng is worst case Nash
equilibrium if for any NE x

C(x) < C(xwnE)-

Definition 6. Let xyyg is the worst case Nash equilibrium and
Xopt cooperative solution. Then the ratio

C(xwne)

PoA =
C (XOPt )

we call Price of Anarchy.



Load Balancing

n = 4 processors, the jobs w = (7,7,6,6,5,5,4,4,4).

Optimal Load
5 5 6 4
7 7 6 4
4
Processorl Proccessor2 Processor3 Processord

Optimal makespan (OPT) 12.



Load Balancing. Nash Equilibrium

n = 4 processors, the jobs w = (7,7,6,6,5,5,4,4,4).
Nash Equilibrium

4
4 4
Processorl Proccessor?2 Processor3 Processord

Maximal load (Social Cost) 15.
Price of Anarchy 15/12=1.25
Coalition (7, 4, 4, 5, 5) improves payoffs



Load Balancing. Strong Nash Equilibrium

n = 4 processors, the jobs w = (7,7,6,6,5,5,4,4,4).
Strong Nash Equilibrium

4 7 4
5 7 6 6
Processorl Proccessor?2 Processor3 Processord

Maximal load (Social Cost) 14.
Strong Price of Anarchy 14/12=1.166



Routing problem

Network with m parallel links.

—/ A

— Hemounux e Tpuesnux

= R —

-}
n users send the traffic of size w; in one of links i =1,...,n. Each
link / =1,..., m has capacity ¢;. Assume that the delay for traffic

w in the link with c is equal to w/c.
A user tries to minimize the delay.

i— li: L= (h,...,Ip) is profile of strategies.
Mixed strategy is p; = (p}, ..., p™), where p! — probability that i
uses /.

Matrix P is profile of all strategies.



Routing problem

Pure strategies: The delay of player i in link /; is

- Zk:lkzl,- Wi
Cy. '

i

Ai

Def. 1. Profile (h,...,/,) is NE if for any user i
Wit s —j Wk

Ai = min S

Jj=1,...m

Mixed strategies: the expected delay of user i using link / is

wi+ >, P,/(Wk
| k=1, ki
Ai e CI .
Minimal expected delay is \; = min )\f.

=1,....m

Def. 2. Profile P is NE if for any user i and any link is satisfied
M =) for p! >0, and Al > \;, for p! = 0.



Fully mixed equilibrium

Def. 3. P is fully mixed NE if each user chooses the link in NE
with p! > 0.




Social costs

Social costs SC(w, c, L) for pure strategies are:

Linear costs LSC(w,c,L) = > Zk/kfl:/w"
=1
2
Quadratic costs QSC(w,c,L) =" (Zk’kC/"’Vk)
=1
Maximal costs MSC(w, c,L) = max M
/:1,...7m i



Social costs and Price of Anarchy

Def. 4. For mixed profile P social costs are

SC(w,c,P)=E(SC(w,c,L))= Y <Hp,’f-5C(w,c,L)).

L:(I]_,...,In) k:].

Optimal social costs opt = minp SC(w, P).

Def. 5. Price of anarchy is the ratio of the social costs in worst
case of NE to the optimal costs
SC(w, P)

PA= sup — .
p-NE  ©Pt

PA > 1.



Worst Case Nash Equilibrium

Let n =5 players , m = 3 links, w = (20, 10, 10, 10, 5),

c =(20,10,38).

02210
=

03:8

Fig. 2. Worst case of NE with delay 2.5

There are few NE. {(10,10,10) — 20,5 — 10,20 — 8)}.
For this profile SC are maximal

MSC(w; c; (10,10,10) — 20,5 — 10,20 — 8) = 2.5.

This NE is worst case NE. The maximum of SC is achieved in

(20,10) — 20,(10,5) — 10,10 — 8 and equal to 1.5.

PoA = % =5/3.
I



Braess paradox

Delete the link 8, then in worst case the social costs are
MSC(w; c; (20,10, 10) — 20, (10,5) — 10) = 2.
ﬂ

c=10
2

Fig. 3. The delay is decreasing if we delete a link

2



Example 2. n=4, m=3, w=(15,5,4,3), c = (15,10,8). The
social costs in worst case NE are

MSC(w; c; (5,4) — 15,15 — 10,3 — 8) = 1.5.

Optimal load 15 — 15,(5,3) — 10,4 — 8, makespan is 1.

If we delete the link 10 then the worst case NE is

(15,5) — 15,(4,3) — 8 with SC =1.333. Global optimum and the
best NE are achieved for (15,3) — 15,(5,4) — 8, and SC= 1.2.
Example 3. n=4, m=3, w = (15,8,4,3), c = (15,8, 3). SC for
worst case NE are

MSC(w; c; (8,4,3) — 15,15 — 8) = 1.875.

Optimal load (15,4) — 15,8 — 8,4 — 3, makespan is 1.2666.

If we delete link 8 the worst case NE is (15,8,4) — 15,3 — 3 with
SC= 1.8. Global optimum and the best NE are

(15,8,3) — 15,4 — 3, and SC= 1.733.



NE in pure strategies. Braess paradox

Example. Braess paradox. Consider the system of roads.
Suppose 60 cars move from A to B. The delay in the links (C, B)
and (A, D) doesn't depended of number of cars and equal to 1
hour, in the links (A, C) and (D, B) is proportional the number of
cars (in minutes). We find that NE is the equal distribution of cars
in the links (A, C, B) and (A, D, B). That is 30 cars in each link.
So, the delay of each player is 1.5 hours.

Users are distributed uniformly in both links



NE in pure strategies. Braess paradox

Suppose that we connect C and D bu new road with delay 0. Then
for a car which drives in the link (A, D, B) is more profitable to
drive in (A, C, D, B). The same for cars in (A, C, B), more
profitable to drive in (A, C, D, B). Thus, NE is (A, C, D, B). But
the delay for each player now is 2 hours.




Price of anarchy. General network

The users N = (1,2,...,n) send traffic in network G = (V,E), V
nodes and E edges. For each user i it is determined set Z; of
admissable paths from s; to t; by G. We suppose that all users
send the unit traffic.

I /4

For each link e € E it is determined capacity c. > 0. Each user
tries to minimize the delay sending traffic from_s to.t.




Strategies. Linear latency

The strategy R; € Z;, is a path. Then R = (Ry,..., R,) is a profile
of strategies. For profile R we write

(R-i,R!) = (R4,...,Ri—1,Rl,Rix1,..., Ry). It means that user /
changes the strategy from R; to R/, and other players use the same
strategies.

For each link let ne(R) is the number of players using link e in
profile R. The delay depends on the load of the used links. Let
consider the latency in linear form

fe(k) = ack + be,

where a. and be non-negative constants. For simplicity let
fe(k) = k.



Each user minimizes the sum of latencies in all links. The personal
costs of user i is

= S £(ne(R) = 3 ne(R).

ecR; ecR;

NE is the profile where nobody is interested to change his
strategies.

Definition. Profile R is NE if for each user i € N we have
C,'(R) < C,'(R_,', Rll)



Linear social costs

Social costs here are linear

n n

SC(R)=>_ci(R)=>_> ne(R)=>_ni(R).

i=1 i=1 eeR; ecE
Minimal SC are opt. Let find the ratio

PoA = sup L(R)

rR-NE ©Pt



Price of anarchy. General network

Theorem. Price of anarchy is equal to 5/2.

Proof. Let R* is NE and R is any profile (in particular, optimal).
For NE R* the personal cost of user j if he switches for the
strategy R; will increased

G(R") =Y ne(R*) <Y ne(R*;, Ry).

ecR; ecR;
If player i switches then the load of each link can increased at
most for 1, hence,

ci(R*) <> (ne(R*) +1).

EGR,'
Summarizing these inequalities in i we obtain

SC(R*) Zc,(R* <ZZ ne(R*)+1) =Y _ ne(R)(ne(R*)+1).

i=1 eeER; ecE



Price of anarchy. General network

Lemma. For any non-negative integer numbers «, 3 is takes place
1 5
Bla+1) < §a2 + 562.

From lemma

SC(R) < % S R2(RY) + g S r2(R) = %SC(R*) + gSC(R),

ecE ecE

hence 5
SC(R*) < ESC(R)

for any profile R. It yields PoA < 5/2.



Potential game

=< N=12,...,n, {Xi}i€N7 {H,'(Xl, ey Xn)}iEN >
x = (x1, ..., xp) - profile of strategies.
Objective of player i € N H;(x1, ..., x,) — max or min

Xj Xj
We use notation x = (xj, x_;) for x = (X1, ..., Xj, .., Xn) -
Definition 1. Profile x* = (x{, ..., x) is Nash equilibrium if for
any i € N

H,'(X,',Xii) S H,'(X*), VX,'.



A normal-form n-player game I' =< N, {Xi}ien, {Hi}ien >.

n

Suppose that there exists a certain function P : [[ X; — R such
i=1

that for any i € N we have the inequality

Hi(x_i, x{) — Hi(x—i, xi) = P(x_i, xj) = P(x_i, xi)
for arbitrary x_; € [ Xj and any strategies x;, x/ € X;. Then T is

JFi
potential game and P is a potential function.



Potential games

_— Traffic jamming. Suppose that players
A g 1and Il each possessing two packages,
(2,4,6,8) have to deliver it from point A to point

\» B.

These points communicate through two links. Numbers on the
figure indicate the journey time on each link depending on the
number of moving packages.

Payoff matrix:

(2,0) (1,1) (0,2)
(27 O) (_87 _8) (_67 _5) (_47 _8)
(1,1) | (-5,-6) (-6,-6) (—7,-12)
(07 2) (_87 _4) (_12a _7) (_167 _16)



Potential games

Payoff matrix:

(2,0) (1,1) (0,2)
(27 0) (_87 _8) (_67 _5) (_47 _8)
(171) (_57_6) (_67 _6) (_77_12) :
(0,2) \ (—=8,—4) (—12,—7) (—16,—16)

The game possesses the potential

(2,0) (1,1) (0,2)
2,00/ 13 16 13
p= (1,1)( 16 16 10 )
(0,2)\ 13 10 0



Potential games

Choice of data centers. Assume each
of two cloud operators may conclude a
contract to utilize the capacity
resources of one or two of three data
centers available. The resources of data
centers 1, 2, and 3 are 2, 4, and 6,
respectively. If both operators choose
the same data center, they equally share
its resources. The payoff of each player
is the sum of the obtained resources at
each segment minus the rent cost of the
resources provided by a data center (let
this cost be 1).




Payoff matrix:

(%)
(D]
£
[0
a0
“©
B
[
(D]
s
(©)
o



Potential games

Theorem. Let an n-player game I =< N, {X;}ien, {Hi}ien >
have a potential P. Then a Nash equilibrium in the game I'
represents a Nash equilibrium in the game ' =< N, {X;}ien, P >,
and vice versa. Furthermore, the game I admits at least one pure
strategy equilibrium.

Proof. The first assertion follows from the definition of a potential.

Hi( X_jy X )<H( )7VXI" P( —I’X’)<P( ),VX,'



Potential games

Now, we argue that the game I’ always has a pure strategy
equilibrium. Let x* be the pure strategy profile maximizing the
n n
potential P(x) on the set [[ X;. For any x € [] Xi, the inequality
i=1 i=1
P(x) < P(x*) holds true at this point, particularly,

P(x*;, xi) < P(x™),Vx;.

Therefore, x* represents a Nash equilibrium in the game [’ and,
hence, in the game I'.



Potential games

— A game without potential. A game
A (1,2,3,4) may have no potential, even if a pure
\f’ 4,6,8) strategy equilibrium does exist.

Suppose that the costs of players are defined by the maximal
journey time of their packages on both links.

Payoff matrix:

(2,0) (1,1) (0,2)
(2,0) /(—4,—-4) (-3,-3) (—2,-4)
(1,1)| (-3,-3) (—4,—4) (-6,-6)
(0,2) \ (—4,—-2) (-6,—6) (—8,-8)



Potential games

_— The described game has no potential.
We demonstrate this fact rigorously
A B '
(2,4,6,8) Assume that a potential P exists; then:
N~
P(1,1) — P(3,1) = H1(1,1) — H1(3,1) = -4 — (—-4) =0,

P(1,1) — P(1,2) = Ha(1,1) — Hp(1,2) = —4 — (—3) = —1.

And so,
P(3,1) — P(1,2) = —1.

On the other hand,
P(1,2) — P(3,2) = H1(1,2) — H1(3,2) = -3 — (—6) = 3,
P(3,1) — P(3,2) = H2(3,1) — H2(3,2) = =2 — (—6) = 4,

whence it follows that P(3,1) — P(1,2) = 1. This two facts
contradicts, the game possesses no potential.



Gongestion games

Definition. A symmetrical congestion game is an n-player game
=< N,M,{S;}ien,{ci}ien >, where N = {1, ..., n} stands for
the set of players, and M = {1, ..., m} means the set of some
objects for strategy formation. A strategy of player i is the choice
of a certain subset from M. The set of all feasible strategies makes
the strategy set of player i, denoted by S;, i = 1, ..., n. Each object
J € M is associated with a function cj(k),1 < k < n, which
represents the payoff (or costs) of each player from k players that
have selected strategies containing j. This function depends only
on the total number k of such players.



Gongestion games

Players have chosen strategies s = (s, ..., Sp). The payoff function
of player i is determined by the total payoff on each object:

Hi(st, o 5n) = Y ci(ki(s1, ..., 50))-

JEsi

Here kj(s1, ..., sn) gives the number of players whose strategies
incorporate object j, i =1, ..., n.

Theorem. A symmetrical congestion game is potential, ergo
admits a pure strategy equilibrium.

P(st,.$0) = ) ci(k)

JEUjensi k=1



Gongestion game. Example

Players 1,2,3,4 send unit traffic vig network from 1 to 4

C23:2

C24:].

C34:3



Gongestion game. Example

Strategies: s1 = {(1,2)(2,4)}, s2 = {(1,3)(3,4)},
53 = {(172)(273)7 (374)}, S4 = {( 73)(372)7 (274)}'

Calculate potential:

P(51,52753,s4):T_|_ £2 142 | 142 4 142
P(si,51,5,5) = 242 4 142 4 112 4 142 4 142 _ 65
P(515527S2,53) = == + 1 %

Thus, profile (s1, 52, 52, s3) is Nash equilibrium.



Virtual operator market as a congestion game

There are m mobile network operators (MNO)

M = {My, My, ..., Mp,}. M; is characterized by the parameters

(pj, mj, rj,¢), j=1,...,m, where p; - price for resource, m; is
number of consumers, r; is the amount of a resource and ¢; is a fee
to join to this market.

There are n mobile network virtual operators (MNVO)

{V1, Va, ..., V,} who compete in the market for the resources. We
suppose that n is much larger than m. Each MNVO V; has some
private resource v;,i = 1,...,n. MNVO are the players in the game.



MNO and MNVO market

Our main achievements in this paper are:

@ Formulation of two-level competitive market for MNOs and
MVNOs.

@ Finding market organization for identical players.
© Analysing of pricing game in general

@ Finding equilibrium for allocation games in two-player case



Two-Stage Competition Model

Competition consists of two stages.

On the first stage the players (MNVO) choose some MNO to
compete for the consumers. So, the strategy of player V; is a
subset s; C S; from the feasible set 5; C M.

After the profile s = (s1, ..., s) is formed the players announce the
prices for their service in each market j: q;,i =1,...,n;j € s;.



Two-Stage Competition Model

The profile of the prices we denote g = (g1, ..., gn). To avoid the
monopoly we suppose that if the market M; is occupied only one
player V; there is a restriction for the price g; < Q;. So, the payoff
of the player V; on the non-competitive market M; € s; is equal to

vi(q) = (Q — p)m; — g.

The payoff of player V; on the competitive market M; € s; is equal
to

(q) = (¢} — p)mpl — g,

where ] is a proportion of consumers m; who are interested in the
service V.



Logistic law

Here we use the logistic function

= exp{—ajqi+ Bjviy _  kjexp{—cjqi} jcs
Y exp{—ajq + Bivity > kjexp{—ajqi}}’ "
ljEs; I:j€s;
where

kij = exp{ﬁ;jvi}, i=1,..n,j€s;.

The general payoff of player V; is the sum of payoffs in all used
markets:

u(a) = Y u(@) = Y- ((a = pmird = )+ ((Q = p)my — ).
JjEsi j€s! jes!
i=1,..,n,
where s/ and s/ are competitive and non-competitive markets,
respectively.
The objective of the paper is to find equilibrium in the pricing

model and then is to find the equilibrium in the allocation problem.
I



Model with Identical Players

Consider a case where all MNVO are identical, so all parameters
vi, ajj, Bjj don't depend on the player i, and all markets are
competitive. For simplicity assume that kj; = 1. Consider the
pricing game on the first market. Let n; > 2 players compete in
this market. They announce the prices ¢ = (qu, ..., gn,). The payoff
of player V; is

eXP{—a1<Ii}
ny
> exp{—aiqi}}
=1

-, i= 1, ey N1

ui(q) = (i — p1)m



Model with Identical Players

The first order condition for the equilibrium du;(q)/0q; = 0 gives

ZeXP{ a1q1} = (q pl)ZeXp{ aiqgitog.

1#£i

By symmetry all prices in the equilibrium must be equal, for
example gp. It yields

1 n

q=p1+—
arm—1"




Model with Identical Players

Hence, the optimal payoff of player V; on the first market is

= — — C1, i = 1, sy N1 (2)

We see that the payoff of any player is a decreasing function of
number of players acted in this market. So, allocation game
presented here is a congestion game [Rosental] which has a
potential.

If the player V; uses the allocation strategy s; then his general
payoff is

mj 1 .
P = S~ _),i=1,..n,
’ Z(a SET19) e O

where nj(s) is the number of players chooses the market M;
(congestion vector).



Congestion game

To find equilibrium in the congestion game we can maximizing the
potential function which has the following form

m_/(s) m;/a
PSl,..., ZZ(,J_lj_j>'
j=1

Consequently, the optimal allocation of the players among
{Mi, ..., Mpn} can be found as a solution of the optimization

problem
m nj
Z(mf L cn>ﬁmax
1 9N
Oéj - i—1

in condition



Congestion game

For example if the players can choose only one market then
n

>~ |si| = n. For large n and small fee (¢; = 0) the optimization
i=1
problem becomes

m
m;j
E —= log nj — max
— q;
Jj=1
the solution of which is
m;j
Y _
nj ~ nj=1 .. m,

m
Zﬂ
a

so, for large n the players are allocated proportionally to the ratio
of numbers of consumers and the weight of the player in the
market. Notice that we don't know the precise location of the
player but we know how many players will locate in each market.



Consider the general case. Assume that the players are distributed
among M in correspondence with the allocation rule

s = (s1, ..., Sn). Consider a market M;. In this market we have

nj = nj(s) players. For convenience let us re-enumerate players
inside the market from 1 to n;. Pricing game in the market M, is a
non-cooperative game on n; players with payoff functions

j ' kij exp{—avjqi} :
uJ, = . — Di)m; y J —C'7I:17..., nj. 4
I(q) (q{ pJ) J Z k/jexp{—oz/jq/}} J J ( )
ljEs;
The game with these payoffs is a potential game and the NE
g =(q4,- q:‘,j) can be found as a maximum of potential

no exp{— i aqr}
Pila) =1~ p) 5 (5)
i=1 2 k/j exp{—a/jq/}

s



The equilibrium g* can be found from the first order condition
0Pj(q)/0q; =0,i =1,...,nj. It yields

Zkljexp{ aq) } = aiji(q; Z kjexp{—ayqi},i=1,.
I=1(1)

Suppose that a new player n; + 1 join to the market M;. New
equilibrium prices ¢’ = (g3, ..., qf,j, qf,j+1) satisfy the system of

equations

nj+1 nj—f—l

Z kjjexp{—ayq;} = aij(qi—pj) Z kjexp{—ajq)},i =1,...,nj+1.
I=1 I=1(1#i)

Theorem. If a new player join to the market the payoffs of the
players who compete in the market before it become less.



Allocation Game

MNO,

e e o o o
000 o0 o

00 0 0 O

Strong MVNOs

MNO-

e 090
o000

00
Weak MVNOs

.. Example of a game for 8 strong and 14 weak MVNOs

The optimal payoffs of the players in the equilibrium in market M;
depend not only on the number of players n;, but also depend on
the characteristic of the players (parameters ayj, kjj).



Stable allocation

Suppose that at the market there are two types of MVNOs. For
example, there are "strong”and "weak”mobile virtual operators.
Formally, it corresponds to the parameters «; = ol or Qjj = a?,
forall j=1,...,m, and a1 < axs.

Suppose that there are only two markets M; and M, and

n = n1 + np mobile virtual operators where ny, ny is the number of
"strong”and "weak”MVNO. First of all, the players select a
market. Then they play in "pricing game”.



Stable allocation

Assume that the players are distributed in the following manner.
On the market M; the distribution of "strong”and "weak"players is
(k1, k2), and on the market M, the distribution is (11, k),

ki +h = n1 and ko + kb = no. Let us find the equilibrium prices in
each market. For simplicity assume that all parameters k;; = 1, Vi, j.



Stable allocation

Consider the market M. the price of MNO here is p;. The profile
of prices of MVNO is divided for two parts

— 1 1 . 2 2 H " " ”
qg= (q17...,qkl, a7, ...,qkz), corresponding to "strong”and "weak
players and the payoffs are

1,1
exp{—a'q; .
ui(q) = (g7 —p1)m . { k2’} —c,i=1,.. ki,
> exp{—alq} + > exp{—a?q?}
=1 /=1
for "strong"players and
2 2
EXpr—a7q; .
Ufz(Q) = (qiz_Pl)ml k1 { ! —0,i=1,..., ko,

ko
> exp{—alql} + 3 exp{—a?q¢?}
=1 =1

for "weak" players.



The first order condition for the equilibrium

oul(q)/dq; = 0,Vi,j = 1,2, and symmetry of players inside the
groups yields that the equilibrium prices for "strong”and "weak
players”are equal to q7, g5, respectively and satisfy the system of
equation

(g1 — pr)at (k1 — 1) exp(—a'qr) + ke exp(—02q2)) =
kiexp(—ai1q1) + ke exp(—a2q) =
= (q2 — p1)a® (krexp(—a'qr) + (ko — 1) exp(—a2q)) =
Hence, the optimal payoff of "strong”player on the first market is
exp{—alq}}

1 — (qF—p) L. _
u”(k1, k2, m1) = (q1—p1) ol (ki = D) expl—alqi} + ko exp{—a?di} c1

and

my exp{—a?q}} B
a? kiexp{—alq}} + (ko — 1) exp{—a?q;}

u2(k1,k2,m1) = (q;—Pl) (5]

for "weak" players.



Stable allocation

The same arguments are true for the equlibrium prices at the
market M>. Now we can determine when the allocation of n
MVNOs among two markets M; and M, will be stable. Allocation
[(k1, k2); (h, k)] is Nash-stable if for each player it is
not-profitable to deviate from the current market. Formally, it
means that the following inequalities must be satisfied

ul(kl, k2, m1) Z ul(/1+1, /2, mz), u2(k1, k2, m1) Z U2(/1, /2-|—1, m2),

ul(k1+1, k27 ml) S ul(lla /27 m2)7 U2(k1, k2+17 ml) S U2(/1, l27 m2)-



Allocation Game

Consider the mobile network market with two MNOs, see Figure 2.
The first market is large m; = 1000, the second is twice smaller
my = 500. There are twenty two MVNOs competing for the
consumers at these markets. Suppose that among these MVNOs
there are n; = 8 "strong"palyers and ny = 14 "weak"players, and
al =1,0%2=2.

MNO, ? MNO-
s e e o o ? -
00000/ coo0o0
o0 0 0 O

o] 00

Strong MVNOs Weak MVNOs

.. Example of a game for 8 strong and 14 weak MVNOs



Numerical example

Let the prices for the resource in both markets be equal
p1 = p» = 1, and the costs are ¢c; = 5,cp = 2. Let us show that
the allocation
(ki =5, kp = 10), (h = 3, h = 4) is Nash-stable.
We find the equilibrium prices in both markets. On the market M;
q; = 2.125,q, = 1.523.
The payoffs of the both types players in the equlibrium on the
market M; are
u1(5, 10,1000) = 120.299, u2(5, 10,1000) = 21.191.

On the market M» we find

q; = 2.267, g, = 1.550.



Numerical example

The payoffs of the both types players in the equlibrium on the
market M, are

ut(3,4,500) = 128.755, u?(3, 4,500) = 23.242.

We see that the market M, is more profitable for both types of
players.

Prove the conditions for stability. Suppose, that a "strong”player
from the market M; decides to move to the market M,. We find
that its payoff here is u'(4,4,500) = 102.598. It is less than its
payoff on the market M. So, it is not reasonable to move to
another market. Now assume that the "weak player’moves from
market M; to the market Ms. Its payoff here is

u?(3,5,500) = 20.700. It is less than on the market M;. So, we see
that the allocation (ky =5,k = 10),(h =3, h =4) is
Nash-stable.
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