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(D, D, D, D) - NE, (A, A A A) - NOT NE

Characteristic Function of the game I'; (C.f. of ')

n(1,2,3,4) =12, »(1,2,3) = 5, v(1,3,4) = 5, v1(2,3,4) = 0, v1(1,2,4) = 5,
vi(1,2) =5, vi(1,3) =5, vi(1,4) =5, vi(2,3) =0, vu(2,4) =0, v1(3,4) =0,
V1(1) = 5, V1(2) = 0, V1(3) = 0, V1(4) =0.
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(5,0,0,0) | (0,5,0,0) (0,0,5,0) (0,0,0,5) |

Cf Of I'2

v(1,2,3,4) =12, »(1,2,3) =5, v»(1,3,4) =5, v»(2,3,4) =9,

va(1,2) =5, »(1,3) =0, w»(1,4) =0, »(2,3) =5, v»(2,4) =5, v»(3,4) =0,
Vz(l) = O, V2(2) = 5, V2(3) = 0, V2(4) = 0

5h2=(19 65 30 30)
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(5,0,0,0) (0,5,0,0) | (0,0,5,0) (0,0,0,5) )

Cf Of F3

v3(1,2,3,4) =12, v3(1,2,3) = 5, v3(1,3,4) = 9, v3(2,3,4) = 9, v3(1,2,4) =0
v3(1,2) =0, v3(1,3) = 5, v3(1,4) = 0, v3(2,3) = 5, v3(2,4) =0, v3(3,4) = 6,
V3(1) = O, V3(2) = 0, V3(3) = 5, V3(4) = 0

5h3 — (171 920 30)
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(5,0,0,0) (0,5,0,0) (0,0,5,0) | (0,0,0,5) )

Cf Of F4

va(1,2,3,4) =12, vs(1,2,3) = 0, vs(1,3,4) = 9, va(2,3,4) =9, va(1,2,4) =9
va(1,2) = 0, va(1,3) = 0, va(1,4) = 5, va(2,3) = 0, va(2,4) =5, va(3,4) =5,
V4(1) = O, V4(2) = 0, V4(3) = 0, V4(4) =5.

5h4:(17 17 17 93)

120 120 120 12
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(5,0,0,0) (0,5,0,0) (0,0,5,0) (0,0,0,5) |
\ —_ = — —
C f Of F5
vs(1,2,3,4) =12, v5(1,2,3) = ws(1,3,4) = v5(2,3,4) = v5(1,2,4) =9
vs(1,2) = ws(1,3) = w(1,4) = v(2,3) = v5(2,4) = vs(3,4) =6,
V5(1) = V5(2) = V5(3) = V5( ) 3.

Sh® = (3,3,3,3)
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IDP (Imputation Distribution Procedure)
Bik=1,....5
Sh* = By + Sh?,Sh? = By + Sh®, ..., Sh* = B4, + SH°

By = (SH'—SI?), B = (Sh?—Sh°), s = (Sh*— Sh*), fa = (Sh*— Sh®), fs = Sh®

Zi:l Bk = Shlvzli:Q Bk = 5h2722:3 Br = Sh37
S s B =Sh", 3% s B = Sh°

pr= (%2’ 7%77%’7%)

Br= (1535 —150)

Bs= (12 —12: 12>~ 53)

Ba= (13— 1 1)
(
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Associated Game T, and NE Strategically Supported Cooperation

62 z 5 19
12 12 12 12
44 53 5 19
12 12 12 12
9 60 73 19
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1. Classical control problem.

R. Bellmann
Time-consistency,
Strong time-consistency.

Time-consistency: Concept and Techniques

C(xw T_[n)

x = f(x,u),
x€ER", ueUC CompRl,
X(to) = X0, t € [i‘o7 T],

H(x(T)) = —p(x(T), M).
C(xo, T — to) — reachability set.
x(t) — optimal trajectory.

Leon Petrosyan 2/28



2. Multicriterial control.

TC but not STC

x = f(x,u),
x €R", ue Uc CompR",
x(to) = xo, t € [to, T],

H(x(T)) =
= {Hi(x(T)),..., H(x(T))}
Let k = 3, Hi(x(T)) = —p(x(T), M;).

Pareto-optimal solution.

X(t) — Pareto-optimal trajectory.
r(Xo7 T — to),

F(x(t), T —1),

C(X()7 T — to),
C(x(t), T —t),

P(Xo, T — to),
P(x(t), T — t).
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3. Nash bargaining solution in Differential Games.

x=f(x,u1,...,u,), x€R" ueU C CompR'
x(to) = xo0, t € [to, T],

The payoff of player i — Hi(x(T)),

r(X()7 T — to)
W(xo, T — to; {i}) — the guaranteed payoff of player i
NB.

[T(H() = Wi, T =i {i}) = T[(Hi(R) = Wi, T = t0; {i}))

max
x'€C(xp, T—1tg) -
i=1 i=1

2(t), xo—X%, T[(x(t), T—t),te[t, T —t], W(x(t), T —t;{i})

eama TTO) =W, T 1) = TTHEEE) - W), Tt (i)
X(x(t)) # const # x

NB, not TC, not STC
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4, Kalai-Smorodinski Solution.
Consider the case of N = {1,2}.

Definition. KSS is defined by setting to K(x, T — t) the maximal point of
K(x, T — t) connecting the "status quo" point ty A(K(x, T — to)), the ideal
point of K(x, T — t), defined as

Ai(K(x, T —t)) = max{aij|ai € K(x, T —t)}, i€{1,2}.

Consider a very simple example

z=u+v Ju<1 zcR?
20=1{6,3} |v|]<1 uveR?
te0,2] z=(xy)

Ki(20;2) = —x(2)
Ka(20;2) = —|y(2)]
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5. Differential Cooperative Game.
Differential Cooperative Game I'(xo, T — to) with prescribed duration T — to from
the initial position xp.

dotx = f(x,u1,...,up), x€ R" ui € U (1)
integral payoff
.
Ki(xo, T — to; 1,y ..., up) = / hi(x(t))dt, hi>0,i=1,...,n.
to

Cooperative form of ['(xo, T — to).
Cooperative behavior u*(t) = {ui(t),..., u;(t)}

n
ZK:‘(Xm T—to;uy,...,up)
i—1

n
= max ZK;(XO,T*to;Ul,u-’Un):

Ugyeeey up <
i=1

Z/t hi(x* (£))dt = v(N: x0, T — to),

x*(t) — cooperative trajectory.
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Characteristic Function in ['(xo, T — to).

v(S;xo, T —to), SCN,

superadditivity: v(S1 U So;x0, T — to) > v(S1; %0, T — to) + v(S2;x0, T — to),
SiNS = 0.

There are different ways on how to define c. f.

a. Classical: v(S;x0, T — to) = Vall's mys(xo, T — to), where
M's.ms(xo, T — to) is a zero-sum game played upon the
structure of game I'(xo, T — to) between S as player 1 and
N\ S as player 2.
b. V(S;X()7 T— to) = ZiES l‘(,‘(X()7 T — to; us, EN\S): where
(@s, Gnys) is some giver NE in ['s \ s played as non zero-sum
game over the structure of '(xo, T — to) between two players:
coalition S as player 1 and N\ S as player 2
c. v(S;x0, T — to) = Maxye—(uies} 2ies Kilxo, T — to; dl|us),
where & = (&1, ..., Un) is some fixed NE in ['(xo, T — to).
L. Petrosjan, G. Zaccour Time-consistent Shapley value allocation of
pollution cost reduction // Journal of Economics Dynamics & Control,
27 (2003), pp. 381-398.
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Let E(x0, T — to) be the imputation set in I'(xo, T — to):

E(xo, T—t0) = {6 = (&) : D_ & = v(Nix0, T—t0),& > v({i}; 0, T—t0),i € N}.
i=1

Denote by C*~%(xp), t € [to, T] reachable set of the (2).

For each y € C*~%(x) consider a subgame ['(y, T —t) of the game I'(xo, T —to),

with corresponding c. f. v(S;y, T — t) and set of imputations E(y, T — t).

Definition. A point-to-set mapping C(y, T —t) C E(y, T — t) defined for all
y € C'%(x), t € [to, T] is call solution concept (SC) in the famlly of subgames
My, T —t).

In special cases C(y, T —t) may be a core, NM-solution, Shapley value, nucleolus
etc.

What happens when the game develops along the cooperative trajectory x*(t)?
We pass through current subgame I'(x*(t), T — t), willingly or not updating the
current SC <» C(x*(t), T — t).
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Imputation Distribution Procedure (IDP).
Let £ € C(xo, T — to) and Bi(t),i € N, t € [to, T] satisfies the condition

)
- [ sod ien s =0

Bi(t) is called IDP.
Define

_ 2]
&0)= [ s, ien, 5o

Definition. The SC C(x*(t), T — t), t € [to, T] is called time-consistent (TC) if
there exist such IDP 3(t) = {8i(t)} that

£-E(0) € C(x7(0), T - 0)

for all 0 € [to, T].
Definition. The SC C(x*(t), T —t), t € [to, T] is called strongly time-consistent
(STC) if there exist such IDP §(t) = {Bi(t)} that

EB)® C(x*(8), T—0) C C(xo, T — to)

for all 6 € [to, T]. Here € ® A means the set of all possible vectors & + 7 for all
n € A.
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Consider C(x*(t), T — t) along x*(t), t € [to, T]. Suppose we can construct a
differentiable selector £* € C(x*(t), T — t), then we can easily get for 3(t) the
following formula

_ _ 2]
—HO) 1€ 5:/ Bi()dt + €

d .
(t) = ——
i) = - 5€
If £ can be chosen as monotonic nonincreasing (which is very possible since

h; > 0, then 3; > 0, and SC is TC.
If the case (for instance) C(y, T — t) is a Shapley value, we get

(n=s)(s—-1)! I(s— Hid . _
- > {EV(X (1), T—t;S)-

SCN,S35i

d .
-0, T - 65\ ()]

and we need only differentiability of the value function (c. f.) v(x, T — t; S).
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Continuous time case.

Consider n-person differential game I'(xo, T — tp) with prescribed duration and
independent motions on the time interval [to, T]. Motion equations have the
form:

Xj = ﬁ(X;, u;), ui € U; C R[7X,‘ €R",
xi(t)) =x’, i=1,...,n. (2)

It is assumed that the system of differential equations (2) satisfies all conditions
necessary for the existence, prolongability and uniqueness of the solution for any
n-tuple of measurable controls u1(t),. .., un(t).

The payoff of player i is defined as:

Hi(xo, T — to; ur(+), - - -, un(’)) = / hi(x(7))dT,

to

where hi(x) is a continuous function and x(7) = {x1(7),...,x.(7)} is the
solution of (2) when open-loop controls ui(t),. .., us(t) are used and x(to) =
{x1(to), ..., xa(t0)} = {x2,...,x0}.
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Suppose that there exist an n-tuple of open-loop controls G(t) = (G1(t), . . ., da(t))
and the trajectory X(t), t € [to, T], such that

max Z Hi(xo, T — to; ta(t), ..., ua(t)) =

—ZH(Xo, —to,ul( ) )—Z/ X,(T d7—(3)

The trajectory x(t) = (X1(t),...,Xa(t)) satisfying (3) we shall call "optimal
cooperative trajectory".

Let N = {1,...,n} be the set of players. Define in I'(xo, T — to) characteristic
function in a classical way:

Vio, T — to N Z / (% (),

V(xo, T — t0;0) = 07
\/(Xo7 T — to; 5) = Val rsy/\/\s(Xo7 T — to), (4)

where Val T's p\s(xo, T—to) is a value of zero-sum game played between coalition
S acting as first player and coalition N\ S acting as player 2, with payoff of player

S equal to:
Z Hi(xo, T — to; u1(+), - .., ua(+)).
i€S
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Define L(xo, T — to) as imputation set in the game ['(xo, T — to) (see Neumann
and Morgenstern (1947)):

L(xo, T —to) = {a=(a1,...,an):
@i > V(xo, T—to; {i}), Y oi=V(o, T to N)}. (5)

Regularized game I, (xo, T—1to). For every a € L(xo, T —to) define the noncooperative
game o(x0, T — to), which differs from the game '(xo, T — to) only by payoffs
defined along optimal cooperative trajectory X(7), 7 € [to, T].

Let @ € L(xo, T — to). Define the imputation distribution procedure (IDP) (see
Petrosjan (1993)) as function 3(7) = (B1(7), ..., Ba(7)), T € [to, T] such that

o = /to " 6i(r)dr. (6)

Denote by H{*(xo, T—to; t1(-), - - ., un(+)) the payoff function in the game 'y (x0, T—
to) and by x(7) the corresponding trajectory, then

H (xo, T — to; u1(+), ..oy un(+)) = Hi(xo, T — to; un(-), ..., un(*))

if there does not exist such t € [to, T] that x(7) = x(7) for T € (to, t].
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Let t = sup{t’ : x(7) = X(7), T € [to, t']} and t > to, then
H (xo, T — to; u1 (), ., un(?)) =

= /tt Bi(T)dT + Hi(x(t), T — t; i (0), ..., ua(?)) =
= /tt ﬂi(T)dT+/g hi(x(7))dT.

In a special case, when x(7) = X(7), T € [to, T] (if x(7) is an optimal cooperative
trajectory in the sense of Eq. (3)), we have

H;X(Xo, T — to;ﬁ1(~)7_”7gn(.)):/t ﬁi(T)dT:a,-.

By the definition of payoff function in the game Iy (X0, T — to)we get that
the payoffs along the optimal trajectory are equal to the components of the
imputation a = (a1, ..., an).

Consider the current subgames (see Neumann and Morgenstern (1947)) — I'(x(t), T—
t) along x(t) and current imputation sets L(x(t), T —t). Let a(t) € L(X(t), T —

t). Suppose that «(t) can be selected as differentiable function of t, t € [to, T].

Time-consistency: Concept and Techniques Leon Petrosyan 14/28



Definition 1. The game la(x0, T — to) is called regularization of the game
M(xo, T — to) (a-regularization) if the IDP 3 is defined in such a way that

ai(t) = /tTﬂ,'(T)dT

or

Bi(t) = —ai(t). (7)
Theorem 1. In the regularization of the game o (xo, T —to) for every € > 0 there
exist an e-Nash equilibrium (Nash (1951)) with payoffs a = (au, ..., aj, ..., an).

Proof. The proof is based on actual construction of the e-Nash equilibrium in
piecewise open-loop (POL) strategies with memory.

Remind the definition of POL strategies with memory in differential game. Denote
by %(t) any admissible trajectory of the system (2) on the time interval [to, t],
t € [to, T].

The strategy ui(-) of player i is called POL if it consists from the pair (a,o),
where o is a partition of time interval [to, T], to < 1 < ... < ty = T (tky1—tk =
§ > 0), and a mapping a which corresponds to each point (X(t«), t«), tk € o an
open-loop control u;(t), t € [tk, tks1).
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Consider a family of associated with I'(x, T —t), but not with [, (x, T —t) zero-
sum games I3 a3 (x, T — t) from the initial position x and duration T —t
between the coalition S consisting from a single player i and the coalition N\ {i}
with player’'s i payoff equal to

Hi(x, T —t; u1(:) - - -, un(4))-

The payoff of player N\ {i} in [y m i3 (x, T —t) equals to (—H;). Let d(x, t; )
be the c-optimal POL strategy of player N\ {i} in I'tjy sy (x, T — t). Note,
that d(x, t;-) = {d;(x, t; )} j € N\ {i}.

Let %(t) = {&i(t),...,Ra(t)} be the segment of an admissible trajectory of (2)
defined on the time interval [to, t], t € [to, T]. For each i € {1,...,n} define
#(i) = sup{t; : X(t;)) = x(t;)} and t(j) = min; £(i) = (). t(j) lies in one
of the intervals [tk, tx+1), kK = 0,1,...,1 — 1. Thus, t(i) — to is the length of
the time interval starting from to on which x;(t) coincides with X;(t) — the i-th
component of the cooperative trajectory X(t). And (j) — to is the length of the
time interval starting from ty on which x(t) coincides with cooperative trajectory

x(t).
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Define the following strategies of player i € N.

ai(t) for (X(t«), tx) on the optimal cooperative
trajectory x(t) (R(7) = x(7), T € [to, t]);
ui () = 0i(R(tkt1), tet1; ) i-th component of the €/2-optimal POL

strategy of player N\ {j} in the game
Corm gy (3(teen), T = tieg), if te < () < ters
arbitrary for all other positions.
Show that u™(:) = (ui (), ..., us(-)) is e-Nash equilibrium in T4 (X0, T —to). The
following equality holds

Hi(so, T — to; 0" () = Hi(xo, T — to: uf (-)s s 2(:) / Bi(t)dt = au. (8)

Consider the n-tuple (u*(-)||ui(-)) where player i changes his strategy u;(-) on
u,-(~).
We have to show that

Hi(xo, T — to; u™(+)) = Hilxo, T — to; u™ ()] |ui(")) — €. (9)

for all i € N and all POL u;(-) of player i.

It is easy to see that when the n-tuple u*(-) is played the game develops along
the optimal trajectory x(t). If in (u™(-)||ui(-)) the trajectory x(t) is also realized
then (9) will be equality and thus true.
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Suppose now that in (u*(:)||ui()) the trajectory x(t) different form Xx(t) is
realized. Then let

t=inf{t: x(t) # x(t)}.

and t € [tk—1, tx). Since the motion of players are independent we get Xm(tx) =
Xm(tk) forme N \ {I} and )_<,'(tk) # X,'(tk) (but )_<j(tk_1) = Xj(tk_l) for _[ S
N). Then from the definition of u™(-) it follows that the players m € N\ {i}
will use their strategies in,(X(tx), t; ) which are $-optimal in a zero-sum game
My mgiy (x(t), T — tx) against the player i which deviates from the optimal
trajectory on a time interval [tc_1, ).

If the players from the set N\ {i} will use their strategies {m(X(tx), tk;-), player
i starting from position x(tx), tx will get not more than

VIx(8). T =t (i) + 5,

where V/(x(tx), T — t; {i}) is the value of the game I'(iy gy (x(tc), T — ti).
Then the total payoff of player i in [o(x0, T — to) when the n-tuple of strategies
(u*()||ui(+)) is played cannot exceed the amount

tk

/M Bi(r)dr + V(x(t), ti (i) + 5 +/ h(a(r)dr.  (10)

to t—1
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But the payoff of player i when the n-tuple u™(-) is played is equal to

a,-—/toTﬁ,-(T)dT—/tk_l 5,(T)d7+/T 5,-(7)d7:/tk_1 Bi(r)dT+ai(tir).

to te—1 to (11)
By the definition of IDP (see (6), (7)), ci(tk—1) € L(X(tk—1), T — tk—1),
/t B,‘(T)dT = Oc,'(tk_l) > V()_<(t'k_1)7 T — tk_1; {I}) (12)

From the continuity of the function V and continuity of the trajectory x(t) by
appropriate choice of § > 0 (tkt1 — tx = &) the following inequalities can be
guaranteed:

[V (x(te-1), T = tie1; {i}) = Vx(t), T — tis {i})] <

E
7
/t Bi(r)r = i) > V(x(8), T — i i) — 5.

Compare ai(tk—1) and V/(x(tx), ti; {i}) + § + ftk X
0 = txt1 — tx sufficiently small one can ach|eve that the integral ftk_l hi(xi(T))dT

i(xi(7))dT. By choosing

will be also small (less than £/4).
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Adding to both sides of (12) the amount ft;k” Bi(T)dT and using the previous
inequality we get

a;z/tkflﬁ,-(r)dwa,-(tk_l) >/tH Bi(r)dT + V(R(teor), T — ti: {i}) >

to to

> /tH Bi(r)dT + V(x(t), T — ti; {i}) — =

t 4
. /tok_l Bi(r)dT + V(x(tx), T — ti; {i}) — % + /tk; hi(T)dT — %
N /tok_l Bi(T)dT + V(x(t), T — ti; {i}) + /tk: hi(T)dT — %
> /H Bi(r)dr + V(x(t), T — e {i}) +/k hi(7)dT +
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Here first four addends in the right part of the inequality constitute the upper
bound of player i payoff when (u*(-)||uf(+)) is played. But «; is the payoff of
player i when u*(-) is played, and we get

Hi(xo, T —to; u™(:)) = i >

> /tH Bi(r)dr + V(x(8), T — te: {i}) + /tk h(r)dr+ 5 —c >
> Hi(xo, T — to; " ()|Jui(})) — € (14)

and we get (9). The theorem is proved. O

This means that the cooperative solution (any imputation) can be strategically
supported in a regularized game ' (xo, T —to) (realized in a specially constructed
Nash equilibrium) by the Nash equilibrium u™(-) defined in the Theorem 1.
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Discrete time case.

In what follows as basic model we shall consider the game in extensive form with
perfect information.

Definition 2. A game tree is a finite oriented treelike graph K with the root xo.
We shall use the following notations. Let x be some vertex (position). We denote
by K(x) a subtree K with the root in x. We denote by Z(x) immediate successors
of x. The vertices y, directly following after x, are called alternatives in x (y €
Z(x)). The player who makes a decision in x (who selects the next alternative
position in x), will be denoted by i(x). The choice of player i(x) in position x
will be denoted by X € Z(x).

Let N ={1,...,n} — be the set of all players in the game.

Definition 3. A game in extensive form with perfect information (see Kuhn
(1953)) G(xo) is a graph tree K(xop), with the following additional properties:

@ The set of vertices (positions) is split up into n+ 1 subsets

Pi, Py, ..., Poi1, which form a partition of the set of all vertices of the
graph tree K. The vertices (positions) x € P; are called players i personal
positions, i = 1,..., n; vertices (positions) x € P,41 are called terminal
positions.

@ In each final vertex (position) the system of real numbers
h(w) = (h1i(w), ..., ho(w)), w € Poy1, hi(w) >0, i=1,...,nis defined.
Where h;j(w) is the payoff of player i in the final vertex (position).
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Definition 4. A strategy of player i is a mapping U;(+), which associate to each
position x € P; a unique alternative y € Z(x).

As in the previous case denote by Hi(x; ui(:),..., ua(-)) the payoff function od
player i € N in the subgame G(x) starting from the position x.

Hi(x; (), ..., ua(+)) = hi(x))

where x{ € P,;1 is the last vertex (position) in the path x = (x{,x3,...,X/)
realized in the subgame G(x), when the n-tuple of strategies (u1(-), ..., un("))
is played.

Denote by &(-) = (Z1(-),. .., Tn(+)) the n-tuple of strategies and the trajectory
(path) X = (X0, X1, ..., %Xm), Xm € Pny1 such that

ug(+),--un() £

max Z Hi(xo; ui(-), - -+, un()) =

- ZH,‘(Xo;ﬁl(-),...,ﬁn(~)) = Zh,—(xm). (15)
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The path x = (X, . .., Xm) satisfying Eq. (15) we shall call "optimal cooperative
trajectory".
Define in G(xo) characteristic function in a classical way

V(xo; N Zh (Xm),

V(x0;0) = 0,
V(x0; S) = Val I's p\s(x0),
where Val ['s p\s(x0) is a value of zero-sum game played between coalition S

acting as first player and coalition N\ S acting as player 2, with payoff of player
S equal to

Z Hi(xo; ui(-), -y un(+))-
i€s

Define L(xp) as imputation set in the game G(xp).

L(Xo){a(al,...,an):a,-/ (x0; {1}), Za,fVXo, )}

ieN
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Regularized game G.(xo). For every o € L(xo) define the noncooperative game
Ga(x0), which differs from the game G(xo) only by payoffs defined along optimal
cooperative path X = (Xo, ..., Xm). Let @ € L(xo). Define the imputation distribution
procedure (IDP) as function Bx = (B1(k), ..., Ba(k)), k=0,1,..., m such that

m

ai =Y Bi(k). (16)

Define by H*(xo0; u1(+), - .., un(-)) the payoff function in the game G.(xo) and by

X = {Xo,...,Xm} the cooperative path

H? (xo; w1 (+), - -5 un(-)) = Hilxo; tn (), - - - un(+))
for all u1(+),..., un(-) such that the path x = {xo,...,xm} differs from x =
{X0,...,Xm}, and

Hi* (xo; @1(+), - - -, Tn(+)) = e
By the definition of the payoff function in the game G.(xo) we get that the

payoffs along the optimal cooperative trajectory are equal to the components of
the imputation a = (aa, ..., an).
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Consider current subgames G(x«) along the optimal path X and current imputation
sets L(Xk). Let o € L(%k).

Definition 5. The game G.(xo) is called regularization of the game G(xo) (-
regularization) if the IDP 3 is defined in such a way that

= Bil)

Jj=k

or Bi(k) = ak — f-(*l, ieN, k=0,1,....m—1, Bi(m)=al, a? = a;.
Theorem 2. In the regularization of the game G, (xo) there exist a Nash equilibrium
with payoffs o = (au, ..., an).

Proof. Along the cooperative path we have

> V(i {i}), i€eNk=01,....m
since of = (a¥,...,ak) € L(x) is an imputation in G(X) (note that here
V/(Xk; {i}) is computed in the subgame G(x«) but not G (X«)). In the same time

and we get
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m

> Bil) = V(i {i}), i€Nk=0,1,....,m. (17)

=k

But >, Bi(j) is the payoff of player i in the subgame Ga(Xk) along the
cooperative path, and from (17) using the arguments similar to those in the
proof of Theorem 1 one can construct the Nash equilibrium with payoffs o =
(a1, ...,an) and resulting cooperative path x = (Xo, ..., Xm)-
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